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A decomposition of a metric space is said to be CSk-shape if each of its members is a compactum 
shape equivalent to a cohomology k-sphere. We will show that for m 5 2 every CS”-‘-shape 
decomposition of a closed m-manifold is upper semicontinuous (Theorem 3.1). Consequently, 
for m z 3, 4, 5, every connected closed m-manifold accepting an S”-‘-shape decomposition is 
homeomorphic to the total space of an (m - I)-sphere-fiber bundle over the circle (Theorem 4.2). 
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0. Introduction 
From [2,6], it follows that if A is a cell in the sphere S”-‘, then (S”-‘/A) X S’ 
is homeomorphic to Sm-’ x S’ for each m. So, S”-’ x S’ accepts non-trivial decompo- 
sitions each of whose members is homotopy equivalent to S”-‘. Naturally, we 
wonder which connected closed m-manifolds can accept decompositions each of 
whose members is a compacturn having the shape of an (m - 1)-cohomology sphere. 
It turns out (Theorem 3.1) that all such decompositions are upper semicontinuous 
when rn 2 2; moreover, for m # 3, 4, 5, if each member of a decomposition of an 
m-manifold M is shape equivalent to the (m - 1)-sphere, then M is homeomorphic 
to the total space of an SmP’ -fiber bundle over the circle S’ (Theorem 4.2). 
1. Definitions and preliminary results 
All topological spaces are metric. By a closed manifold, we mean a compact 
manifold without boundary. Given an m-manifold N, let bd N and int N denote 
the boundary and the interior of N respectively. Let M be a compact metric space. 
A decomposition 9 of M into compacta is said to be upper semicontinuous provided 
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that for each SE 9 if U is an open neighborhood of S, there is an open neighborhood 
V of S in U such that every member of 5@ that intersects V lies in U [ 11, p. 1321. 
We use the notation X = Y to mean that two spaces (two groups, resp.) X and Y 
are homeomorphic (isomorphic, resp.). 
Since we will only work with metric spaces, as justified by [18, Corollary 6.8.81, 
we can use either their Alexander cohomology or their Tech cohomology. Moreover, 
it follows from [lS, Corollary 6.9.51 that if a space is an absolute neighborhood 
retract (ANR), then its singular cohomology and its Tech cohomology are the same. 
So, throughout this paper, we will use the reduced integral Tech cohomology fi* 
without dangers of ambiguity. Let Z denote the integers and H, the reduced integral 
singular homology. T always means the inclusion map and r* and T* are its induced 
homomorphisms. 
For basic shape-theory results, we refer to [4,14]. For convenience, both shape 
theories in [4,14] will be used as justified by [15]. For the definition of the shape 
group GTjq(X, x,), we refer to [8, p. 641. By a cohomology k-sphere (abbreviated by 
CSk), we mean a closed manifold X such that Z?*(X) = Z?*(Sk). Given two integers 
A, k such that either 0 < A < k or A = k = 0, let Ju: denote the class of all closed 
k-manifolds whose ith cohomology groups are trivial for all 0 c i G A. Note that 
each CSk (ka 1) belongs to each JUT. A compacturn is said to have &f-shape 
(CSk-shape or Sk-shape, resp.) if it has the shape of a member of Ju,” (a CSk or the 
Sk, resp.). Throughout this paper, let A(m) = 0 if m s 2 and A(m) = 1 if m > 2. A 
closed subset X of a space Y is two-sided in Y if X separates a connected 
neighborhood of X in Y. 
By a regular (and orientable) relative m-manifold, we mean a pair of compact 
subsets (M, X) of the interior of an (orientable) m-manifold N such that M -X 
is an open m-manifold, X either is empty or has the shape of a closed (m - 
1)-manifold, and X is two-sided in N. In this paper, we will let aM and fi denote 
X and M-X, respectively. Note that h% can be different from int, M, the interior 
of M in N. For example, let Xc R” be a compacturn having SmP’-shape with 
non-empty interior, and M the complement in R” of the unbounded component 
of R” -X, then (M, X) is a regular relative m-manifold with fi # intR- M. 
Lemma 1.1. If (M, aM) is a connected regular relative m-manifold (orientable if 
m = 2), and S c G is a compact subset having Alme’ h(mj-shape, then S is two-sided in M. 
If we assume in addition that H’(M) = 0, then S separates M. 
Proof. For m = 1, it is trivial since S = [0, l] or (0) is a subset of the circle S’ or 
an open interval. For m = 2, S has S’-shape. There are compact-manifold neighbor- 
hoods Vc W of S in M such that Vc int W and Im[ r* : I?l( W) + fi’( V)] z Z. By 
piping we can assume that each component of V - S contains exactly one component 
of bd V’& It follows that H2( W, V) = H2( W - int V, bd V) s-0. Therefore, Z = 
fi’( V) -+ l?‘(S). So, V= S’ x Z and V- S has two components. 
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For m > 2, let W be an orientable neighborhood of S in M [ 12, Corollary 4.21. 
Since S is movable [8, Theorem 2.3.71, pro-I?‘(S) is stable. Therefore, there is a 
compact PL-manifold neighborhood U of S in W such that r*: H’(W)+ I?‘(U) 
is trivial. The homomorphism j* in the exact sequence 
O+P(U-S)+H’(U, u-S)iSH’(U)+. . . 
is trivial by chasing on the cohomology ladder induced from the inclusion (U, U - 
S) c ( W, W - S) combining with the isomorphism T* : f?‘( W, W - S) + 
I?‘( U, U - S). Therefore, Z = fl”~‘(S) = H,(int U, int U-S) 2 H,( U, U-S) = 
f?‘( U, U - S) = I?‘( U - S) where the second isomorphism is from [18, Theorem 
6.2.171, and the fourth from [18, Corollary 5.5.41 since I+,( U, U - S) = I?“- “(S) 
is finitely generated. Therefore, U-S has two components. 
For the second part of the lemma, if m = 2, then k = an open 2-cell, so the result 
follows; if m > 2, assume that M = int U = U c int W c int N (orientable) such that 
r*:H’(W)+Hl(U). IS trivial, and the proof is similar to that of the first part. q 
Let (M, aM) be a regular relative m-manifold and SC &? a compacturn having 
JUy(-,‘,-shape. Define (M(S), JM(S)) to be the regular relative m-manifold obtained 
by opening M along S as follows. For m = 2, from Schoenflies theorem [3], it follows 
that S has a compact neighborhood U that is homeomorphic to either S’ x I or the 
Mobius band. In either case, there is a homeomorphism 4: ( U - S, 8U) = 
(~Ux[O,l),~Ux{O}) for m=l,2. We define M(S)=(M-S)U,(aUxI) and 
(?M(S) = 8M u (a U x (1)). Observe that for m = 2 if M is a compact 2-manifold, 
then so is M(S); and we define M- (M(S)-, resp.) to be the closed 2-manifold 
obtained by trivially attaching a 2-cell to each component of ?IM (aM(S), resp.). 
For m > 2, let U be an open neighborhood of S in M (from Lemma 1.1) such that 
U - S has two components A and B. Write 2 = (A u S) x {A} = U, = U x {A} and 
~=(BuS)~{B}cU,=Ux{B}andlet~,:A-,~cU,and~,:B~~cU,bethe 
natural open embeddings. Define M(S) = 2 IJ,, (M - S) kJdz L? that is contained 
in the open manifold: either U, IJ,, (M-S) lJdz U, if M is closed, or 
U,U,,(intN-S)U,,U, if McintN; and define ~M(S)=~MU(SX{A})U 
(S x(B)). If S,, . . , Sk c ii? are pairwise-disjoint, Am-’ h(,,-shape compact subsets of 
a regular relative m-manifold (M, aM), we define inductively M(S,, . . , S,) = 
[M(S,, . . . , Sk_,)](&) and aM(S,, . . . , Sk) =a[M(S,, . . . , Sk_,)](&). 
By an JI: (a CSk, an Sk resp.)-shape decomposition, we mean a decomposition 
9 whose members are compacta having A: ( CSk, Sk resp.)-shape. A decomposition 
9 of a regular relative m-manifold (M, aM) is regular if each component of 8M is 
a member of 9. From a regular Am-’ ,,,,-shape decomposition 9 of a regular relative 0 
m-manifold (M, aM) and an SE 9 with S = M, we can define naturally a regular 
JU,“,-,‘,-shape decomposition of M(S), and we let 9(S) denote this new decomposi- 
tion. Let p: M + M/9 denote the quotient map. By a 9-saturated subset X of M, 
we mean that pP’(p(X)) = X; and by 9/X we mean the natural decomposition 
induced from 9 on a s-saturated subset X. 
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Lemma 1.2. Let (M, JM) be an orientable regular relative m-manifold and S a 
(possibly empty) union of components of aM. Then: 
(1) I?*( M, S) is finitely generated, and 
(2) ~4(M,S)=Oforallq~m tfS#aM. 
Proof. (1) From [8, Corollary 9.4.31, each component of JM is an ANR-divisor. It 
follows easily that Ml.9 is an ANR where Y denotes the set of all components of 
aM; therefore, fi*(M/Y) is finitely generated, and so is fi*(M, S). 
(2) Let N be an orientable m-manifold so that M c int N. Observe that each 
point of N-S can be joined to a point in N-M since M is connected and 
aM - S f 0. Therefore, it follows from [18, Theorem 6.2.171 that I?‘(M, S) = 
H,,_,(N-S, N-M)=0 if qsm. 0 
2. Some technical lemmas 
In this section, we will prove some technical lemmas to prepare for the proof of 
Theorem 3.1 below. 
Lemma 2.1. Let (0, aD) be an orientable regular relative m-manifold, m 2 2, such 
that aD # 0 and L?‘(D) ~0 = fi’(aD). Then, (0, aD) does not accept any regular 
JU,“(i”,-shape decomposition. 
Proof. We will prove by a contrapositive proof. Assume that D accepts a regular 
decomposition 5% = {S, 16 E A}. For each S E A, from the second part of Lemma 1.1, 
we can write D = Ds u R6 where D8 n Rs = S, and 8D = R+ Observe that, for each 
6, Ds and & are non-empty %saturated subsets of D. Define the partial ordering 
< on 9 as follows: S, < S, iff D, 1 DF Then, it is straightforward to show that 
each chain in (9, <) has an upper bound in (9, <). So, Zorn’s lemma shows that 
(9, <) has a maximal element, say S, E 9. However, fiA will contain a member S 
of 9 such that S, <S and S, # S. This contradicts the maximality of S, and the 
lemma is proved. 0 
In the following lemmas, by rk G we mean the rank of an abelian group G. 
Lemma 2.2. Let SC k be an Am-’ *(,,, -shape compactum where (M, a M) is a connected 
regular relative m-mantfold such that M(S) is connected. 
(a) If m>2, then rkfi’(M)=rkH’(M(S))+l. 
(b) Ifm=2, aM=0 and Misorientable, then rkH’(M)=rkH’(M(S)-)+2. 
Proof. Leta,denote(S~{A})u(S~{B})~~M(S)(refertoSection1).SinceM(S) 
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is connected, we have the following diagram: 
6 
o-+ H’(M, S) -H’(M) - H’(S) -+ P(M,S);: H2(M)+ H2(S), 
where the horizontal sequences are the reduced cohomology sequences of the pairs 
(M(S), a,) and (M, S). The vertical isomorphisms are from [18, Theorem 6.6.51. 
For m > 2, the lemma follows trivially since H’(S) = 0 = H’(a,). For M = 2, we have: 
H’(M(S))=O by Lemma 1.2(2); H2(M, S) zT* H2(M)=Z; !?‘(S)=Z and 
H’(E’,) =ZOZ. so, it follows that rkfl’(M)=rkH’(M,S)+l= 
rk fi’(M(S), a,)+1 =rk fl’(M(S))+l. On theotherhand, observe that aM(S) =a, 
has two components; therefore, rk H’(M(S))=rk H’(M(S)-)+l from the 
cohomology sequence of the pair (M(S)-, M(S)), and the lemma follows. Cl 
Lemma 2.3. If (M, aM> is a connected regular relative m-mantfold (m 2 2) that is 
orientable if m = 2, and if {S, In = 1,2, . . .} is a sequence of pairwise disjoint 
AyC;(-,l,-shape compacta in A%, then there is an integer n, such that M(S,, . . . , S,) has 
one component more than M(S,, . . . , S,_,) does for each n 2 n,. 
Proof. For m = 2, by use of Schoenflies theorem [3], without loss of generality, we 
can assume that M is a 2-manifold. Attaching 2-cells along aM, aM(S,), 
aM(Sl, S,), . . . to obtain MI, M(S,)-, M( S’, S,)-, . . . does not change the O- 
connectedness of M, M(S,), M(S’, S,), . . . . Observe that, for m =2, we can 
equivalently define by induction M(Sl, . . . , S,)- = [ M(S,, . . , S,_,)-](S,)-. 
If M(S,, . . , S,) is connected for all k, then it will follow from Lemma 2.2, by 
induction, that for each k either rk fi’( M) = rk fi’( M(S,, . . , S,)) + k for m > 2 or 
rk H’( M-) = rk H’( M(S,, . . . , S,)-) +2k for m = 2. This is impossible since H’(M) 
is finitely generated (Lemma 1.1(l)). Therefore, there is an integer k such that 
M(S’, . . . , S,) is not connected. Let n, be the least integer such that M(S,, . . . , S,,) 
has two components. Inductively, let nk be the least integer such that M(S,, . . , S,,) 
has (k+ 1) components. Since I?‘(M) is finitely generated, by use of Lemma 2.2. 
again, we can show that there is an integer kO such that if k 2 k,, then nk+’ = nk + 1; 
and define n, = rib,. The lemma now follows. 0 
3. CS”-‘-shape decompositions 
The central result of this section is the following theorem. 
Theorem 3.1. Let (M, JM) be a regular relative m-manifold (m 2 2). If 9 is a regular 
JIZyC;,-,‘,-shape d composition of M, then 9 is upper semicontinuous. 
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We will prove another technical lemma to prepare for the proof of Theorem 3.1. 
Fix a metric d on int N 3 M. Given SC M a subset and 6 a positive number, let 
N(S; 6) denote the open S-neighborhood of S in M. Given A, Bc M two compact 
subsets, d(A, B)=inf{d(x,y)l x E A, y E B}. A sequence {S, 1 k = 1,2,. . .}c 9 is 
simple toward and SE 9 if (1) for each k, M(S,, . . . , S,) has one component more 
than M(S,, . . . , Sk_,) does; (2) each S, c k has an orientable neighborhood in h%; 
and (3) there is a decreasing sequence {&I k = 2,3, . . .} of positive numbers such 
that d(S, Sk+,) < &+, <min{S,/2, d(S, S,)} and for each XE S, N(x; &+r) is con- 
tained in some coordinate neighborhood V, in an open connected neighborhood 
U of S in int N-S, that is separated by S (Lemma 1.1). Observe that if S is a 
component of HIM, then there is a sequence {S,}c 9 that satisfies (2) and (3). By 
use of Lemma 2.3, without loss of generality, we can assume that {S,} is simple 
toward S by taking a subsequence of {S,} on an appropriate saturated neighborhood 
of S in M if necessary. 
In the following, if {S,} c 9 is simple toward an SE 9, each component of 
M(S,, . . . , S,) is naturally identified with a subset of M. 
Lemma 3.2. Let (M, 3M) be a connected orientable regular relative m-manifold, m 2 2, 
and 9 a regular .& mP’ hCmI-shape decomposition of M. Let S,, S be members of 9 contained 
in aM, and {S,, 1 n = 1,2, . . .} c 9 a sequence simple toward S. Then, given an open 
neighborhood W of S in M, there is an integer j such that S, c W if n > j. 
Proof. Write M,, = M. It is clear that S, S, c MO. By induction, we assume that S, 
S, c Mk-, for some k3 1. Define Mk to be the component of Mkel(Sk) that contains 
S, and Xk to be the other. Observe that there is, from (3) above, an x E S such that 
S,,, n N(x; &+i) is a non-empty subset of V, n M c U n M c Mk; so, Sk,, c Mk 
since Mk is g-saturated. Therefore, the inductive process of defining Mk’s can be 
continued. 
Sublemma 3.3. If 0s A 4 m -2 and each S, E JUT-‘, then 0~ fiq(X,) ^- fi’(X,,, S,) 
for all q G h when n is large. 
Proof. From S, E J4y-i and from the Mayer-Vietoris sequence [18, Theorem 6.1.131 
of the couple of pairs (M,,+,, S) and (X,,, 8), we can infer that Hq(M,,, S) = 
g’(M,+,, S)@L?q(X,,) for all qc A. Therefore, by induction we have H’(X,)O 
. . .@I?q(X,) to be a direct summand of the finitely generated abelian group 
Hq(Mo, S) (Lemma 1.2(l)) for each qsh. So, Hq(X,,)=O for all qGA when n is 
large, and the second isomorphism follows from S, E J4:-’ and from the cohomology 
sequence of the pair (X,, S,). q 
For m = 2, from counting the number of handles on M, it follows that aXk has 
at least two components when k is large. For m > 2, by Sublemma 3.3, d’(X,) -0 
when k is large; so, by Lemma 2.1, 8X, has at least two components when k is 
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large. Therefore, without loss of generality, we can assume that ax, has at least 
two components. Moreover, since 8M has only finitely many components, by taking 
a subsequence, we can assume that 3X, has exactly two components: Sk and Sk-,, 
foreach k-1,2,.... Let F denote the frontier of D = Ur=‘=, X, in M. Observe that 
F = D - D = nT=‘=, 0, where D, = UT=:=, X, ; hence, F is compact and connected. 
Now, we assume by contradiction that S has an open neighborhood V in M such 
that S, @ V for each n (taking a subsequence if necessary). It follows that F C V; 
so F G S, and then F - S is non-empty and non-compact. Therefore, there is an 
infinite subfamily 9 of 9 so that each of those members intersects F. Observe that, 
for each 2 E $1 n D = 0 since D is &%-saturated. It is possible to define a sequence 
{&}c 9~ 9 that satisfies (2) and (3). As above, without loss of generality, we can 
further assume that {&} is simple toward S. Then, as in the preceding paragraph, 
we can write N,, = M and inductively Nk_,(&) = Nk u Yk so that aY, = &u Z_, 
when k is large. Observe that Nk = SW D u E Consequently, when k is large, 
Yk u &, u Yk_, is a neighborhood of Ck-, missing E So, &_, n F = 0. This contra- 
diction proves Lemma 3.2. 0 
Proof of Theorem 3.1. Without loss of generality, we can assume that M = int N 
where each SE 9 has an orientable open neighborhood in int N. For, if m > 2, it 
is from [ 12, Corollary 4.21. For m = 2, observe that there can be only finitely many 
members of 9 say S,, . . . , S, that have non-orientable neighborhoods in M; and 
that 9 is upper semicontinuous if and only if 9(S,, . . . , S,) is. Moreover, we can 
assume that M is orientable as follows. Let p: M’c N’+ M c N be the orientable 
double cover of M [lo, Theorem 22.141. Since each SE 9 has an orientable 
neighborhood in M, p-‘(S) is the union of two disjoint copies of S in M’. So, p 
induces an JUy$,-shape decomposition 9’ on M’. From the continuity of p, being 
compact, each SE 9 has an open neighborhood U in M such that p-‘(U) is the 
union of two disjoint copies of U in M’. Hence, 9 is upper semicontinuous if and 
only if 9’ is. 
Let SE 9. Observe that 9 is upper semicontinuous at S if and only if 9(S) is at 
S. So, without loss of generality, we can assume that S is a component of JM. Let 
W be an open neighborhood of S in M. As observed above, we can assume that 
there is a sequence {S,,}= 9 that is simple toward S. By Lemma 3.2, there is an 
integer k such that S, c W; consequently, W - (X, u . . . u X,) is a saturated open 
neighborhood of S contained in W. Therefore, 9 is upper semicontinuous at S. 
This holds true for an arbitrary SE 9, so 9 is upper semicontinuous. q 
Remark 3.4. Let 9 be the So-decomposition of S’ = {e’” 10 G x s 2~r) each of whose 
members is either (1, eir”} or {e’=, ei3n’2}, or {eix, emix} for x & {kn/2 1 k = 0, 1,2,3}. 
Then, 9 is not upper semicontinuous. 
Corollary 3.5. If9 is an Am-’ hCmj-shape decomposition of a closed connected m-manifold 
M (m 3 2), then M/ 9 = S’ (or [0, l] possibly for m = 2). 
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Proof. It follows from Theorem 3.1 that M/9 is Hausdorff, compact, separable 
and connected. Let SE 9. Consider a natural copy S’ of S in M(S). We only need 
to show that p(S) has a neighborhood in p(M(S)) homeomorphic to [0, 11. Let 
{S,,} c 9(S) be a sequence simple toward S’. For m > 2, there is from Sublemma 
3.3 an integer j such that I?‘(M,, M,_,) = I?‘(X,,, S,) = 0 if n > j. Therefore, from 
the cohomology sequence of the triple (M,, M,,,, S), it follows that r* : I?‘( M,,, S) + 
H’(M,+,, S) is injective if n 3 j, and so is T* : I?‘( Mk, S) + H’( M,,, S) if n > k 2 j. 
On the other hand, since nz=, M, = S, @{ I?‘( M,,, S), T*} = I?‘($ S) = 0; therefore, 
T*: H1(Mk, S) + I?‘(M,,, S) is trivial when k*j and n is large. So, II’( 
I?‘(Mk, S) =O if k b j. For m = 2, from lim{H’( M,,, S)} ~0, the isomorphism - 
I?*(M,, M,,,) = fi*(X,,, S,) = 0 by Lemma 1.2(2) and the cohomology sequence of 
the triple (M,,, Mntl, S), it follows that H’(M,, S) = 0 for n 2 j for some j. So, 
H’( M,,) = Z if n 2 j. Therefore, by Lemma 1.1 and Lemma 2.1, each member of 
9(S) contained in Gj separates M, ; so, except p(S) and p( S,), every point of p( Mj) 
is a cut point of p( Mj). Therefore, p(M,) = [0, l] by [ll, Theorem 2.261, and so 
p(M)=S’ or [0, 11. 0 
We conclude this section by proving the following lemma that is used in the next 
section. 
Lemma 3.6. Assume m 2 2. If 9 is an SW-’ -shape decomposition of a connected closed 
m-manifold M such that M/9 = S’, then each member S of 9 has a saturated 
neighborhood V such that the inclusion S c V is a shape equivalence. 
Proof. Let W be a saturated neighborhood of S in M such that (p(W), p(S)) = 
([ -1, 11, 0) from Corollary 3.5. The lemma will follow if we can show that the 
inclusion SC pml[O, l/k] is a shape equivalence for some integer k. Now, since 
p-‘(t) is approximately q-connected for each q s m-2 and tE [O,l], and since 
[0, l] is contractible, it follows from [16] that ir,(pP’([O, l]), x0)=0 and 
Hq(p-‘([O, l]))=O for all q s m - 2, where X~E S. Combining this and Lemma 
1.2(2), we only need to show by [13] that Hm-’ (p-‘([O, I]), S) ~0 (including the 
case m =2). Write M,, =p-‘([O, l/(n - l)]). F rom the cohomology sequence of the 
triple (M,, M,+,, S) it follows that T*: I?*-‘(M,, S) + fi”-‘(M,+,, S) is always 
surjective since H”‘( M,,,, M,,,,) = l?“(X,, S,) =O by Lemma 1.2(2). Moreover, since 
lim{fimP1( M,, S)} = 0, it follows that Hm-’ - ( Mk, S) = 0 when k is large as we wanted; 
and the lemma is proved. 0 
4. S”-‘-shape decompositions and total spaces 
As a consequence of Theorem 3.1, we now recognize connected closed manifolds 
that accept codimension-one-sphere-shape decomposition. 
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Lemma 4.1. Let M be a connected closed m-manifold that accepts an S”-‘-shape 
decomposition. Then, M has the homotopy type of the total space of an SmP1-fiber 
bundle over the circle. 
Proof. For m = 1, it is trivial since M = S’. 
In the case of p(M) = [0, 11, by use of Lemma 1.1, it follows that m = 2. From 
Corollary 3.5, for each t E (0, l), p-‘(t) has an open neighborhood whose first 
cohomology group is isomorphic to Z; so, p-‘( t) has a neighborhood homeomorphic 
to S’ x (0, 1). Therefore, both pP’([O, 2)) and ~~‘((4, 11) are homeomorphic to the 
open Mobius band; then, it follows from the Schoenflies extension theorem that 
each component of M( ~~‘(3)) is homeomorphic to the compact Mobius band, and 
then that M = M’, where M’ is the Klein bottle obtained by naturally identifying 
the boundaries of two components of M( p-l($). 
The case p(M) = S’, let QE S’ and S, = pP’(sO) E 9. From Lemma 3.6 and the 
compactness of [0, l] = S’({s,}), there are t,‘s (0 = to< t, < * . . < t, = 1) such that 
each inclusion pm’( ti) c pP’([ ti, t,+‘]) is a shape equivalence. Consequently, SOc 
M(S,) is a shape equivalence. Let c: M* + M be the infinite cyclic covering induced 
by p: M + S’. Then, it is routine to show that So c M( S,) c M* is a shape equivalence. 
Since MY is a manifold, M” has the homotopy type of S”-‘. Moreover, M” is a 
homotopy fiber of p; so, the lemma is proved. q 
Theorem 4.2. Let M be a connected closed m-manifold that accepts an S”-‘-shape 
(S”-I-, resp.) decomposition. If m # 3, 4, 5 (m # 3,4, resp.), then M is homeomorphic 
to the total space of an S”-‘-Jiber bundle over S’. 
Remark 4.3. (a) Let m 2 2. If (M, aM) is an m-manifold with boundary that accepts 
an A:,“(-,‘,-shape decomposition 9, then M/9 = [0, l] or (0). For, if a component 
F of aM is not contained in a member of 9, following the last part of the proof 
of Lemma 3.2, we can obtain a regular relative m-manifold ( Y,, a Y,,) such that a Y, 
is connected, H’( Y,) = 0 and ( Y,,, a Y,,) accepts a regular A:(-,‘,-shape decomposi- 
tion 91 Y,,. This contradicts to Lemma 2.1. Therefore, by enlarging the components 
of rlM if necessary, we can assume that 9 is regular. Then, by Theorem 3.1, 9 is 
upper semicontinuous. Ifp( M) # {0}, then p( M) is a compact, connected l-manifold 
with boundary; so p(M) I- [0, 11. 
(b) By use of s-cobordism theorem, we can prove that if (M, &‘M) is an m-manifold 
(m # 3,4) with boundary that accepts an S”-’ -shape decomposition, then M = 
Srn~’ x I. 
Proof. For m = 1,2, it is proved in Lemma 4.1. For m 26, since n,( M*) = 0, it 
follows from [17] or [5] that p is homotopic to an S”-‘-fiber bundle map. For 
m = 5, from the main theorem of [ 11, there is a flat embedding f: S4+ M* which 
approximates g: S4 = So- M (S,) c M”. This embedding f provides a splitting 
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needed for the proof in [ 171 or [9] to show that p is homotopic to an S4-fiber bundle 
map. 0 
Added in proof 
For further development in this direction, refer to [7]. 
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